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Abstract
This memo contains a detailed evaluation of the expected performance of the bandpass

calibration for ALMA. We evaluate the limitations on the bandpass accuracy due to the
imperfect knowledge of the atmospheric transmission. We show that the best bandpass
accuracy is obtained when the amplitude calibration is applied in a single-load scheme.
The proposed scheme is a variant of the so-called bandpass normalization technique. It
uses normalization by the difference between the sky emission and the load emission, rather
than normalization by the auto-correlation spectrum in the usual case. Bandpass calibration
should be performed at the observing frequency. It will be limited by the knowledge of
the sideband opacity difference. This knowledge can be based on a model, but a direct
measurement is also possible, although time consuming.

The bandpass calibration must be performed on strong point-like sources, of known
spectral index. The knowledge of the spectral indexes will be a limiting factor in the
wide band modes. Building up a database of suitable sources will be necessary, since the
knowledge of these spectral indexes could be improved by bootstrapping techniques among
several sources. Since astronomical sources have to be used, the required integration time
varies substantially as a function of frequency. High accuracies can be reached in a minute
of time at mm wavelengths, but integration time as large as an hour can be needed at
sub-mm wavelengths. Occasional direct measurements of the sideband opacity difference
could also be used to improve the accuracy of the atmospheric modelling.

1 Basic Principles

The ALMA acquisition system is made of several elements which have frequency-dependent re-
sponses. From the sky to the detector (the correlator), the signal path encounters the following
items:

• the atmosphere (especially close to absorption lines).

• the antennas.

• the receivers. Most ALMA receivers have a 4-12 GHz IF output. Millimeter receivers will
be Single Side Band (SSB, with rejections of ∼ 15 dB) whereas submillimeter receivers
will be Double Side Band (DSB, sideband gain ratio ' 1).

• the down-converters. They convert the 4-12 GHz signal coming from the receiver into 4
bands between 2 and 4 GHz. The signal is first separated by a filter into one 4-8 GHz
signal and one 8-12 GHz signal. The signal is then mixed with the signal of a tunable
Local Oscillator (LO2), down converted and then filtered between 2 and 4 GHz. There
are 2 down-converters per antenna, one for each polarization.
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• the digitizers.

• the digital filters. These depend on the configuration selected by the users. It is in
principle possible to calculate the filters response to a given signal, but some peculiar
effects like the Gibbs phenomenon depend on the signal itself.

The system is pictured in Fig. 1.
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Figure 1: Acquisition system with frequency dependent elements.

The total (complex) voltage gain U of one antenna can be written as the product of the
gains from each single element, as function of frequency:

U(νRF ) = uatm(νRF )uant(νRF )urec(νRF )uIF(νIF )uDC(νDC)uDF(νDF ) (1)

where νRF is the sky frequency, νIF the corresponding intermediate frequency (in the range
4-12 GHz), and νDC is the down-converted frequency (in the 2-4 GHz range since ALMA uses
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bandpass sampling), and νDF is the final baseband frequency (in the range 0-X GHz where X
the width of the digital filter) respectively (cf. Fig. 1). The various frequency-dependent gains
are:
- uatm the atmospheric transmission (time dependent)
- uant the antenna gain (time dependent), which includes the flux to antenna temperature
conversion, and standing wave effects
- urec the receiver gain
- uIF the IF chain gain (within the receiver)
- uDC the down-converter gain
- uDF the digital filter gain
For each voltage gain uitem (including U), there is a corresponding power gain gitem given by

gitem = |uitem|2 (2)

so that the response at time t is

G(νRF , t) = gatm(νRF , t)gant(νRF , t)grec(νRF , t)gIF(νIF , t)gDC(νDC , t)gDF(νDF , t) (3)

The atmospheric transmission is out of our control, but the system can be designed so that
the receiver, IF chain and down-converter frequency responses become (to first order) time
independent. Also, the antenna chromatism is mostly linked to standing wave effects and can
be made small. We shall ignore it in the following discussions. In the calibration process, we
shall assume that there is no closure error, so that the overall calibration can be made on an
antenna basis. Phase closure is easy to obtain with a digital correlator, but amplitude closure
is only obtained provided decorrelation effects and bandpass mismatches are small. Closure
will thus be obtained provided the individual integration times are not excessive, and the total
bandwidth is analyzed in sufficiently narrow chunks. Finally, the digital filter response can be
computed and corrected for in real time. So, in summary we make the following Assumptions

1. Calibration is Antenna based. Closure errors are negligible.

2. The intrinsic frequency response of the system is stable: grec(νRF , t) = grec(νRF )γrec(t)
(ibid for gIF and gDC)

3. Digital filters are pre-calibrated: gDF(νDF , t) = 1

4. Antenna chromatism is negligible: gant(νRF , t) = γant(t)

In this case, Eq.3 becomes

G(νRF , t) = gatm(νRF , t)γant(t)grec(νRF )γrec(t)gIF(νIF )γIF(t)gDC(νDC)γDC(t) (4)

G(νRF , t) = gatm(νRF , t)grec(νRF )gIF(νIF )gDC(νDC)γall(t) (5)

The calibration process works out by decomposing the time dependent, chromatic gain in
a product of an achromatic, time dependent gain and of a time independent, chromatic gain
called the Bandpass. Since the atmosphere includes a time dependent chromaticity (see Eq.5),
it is clear that this arbitrary decomposition will only work provided we can adequately predict
and correct for this component.

The baseline-based visibility gain is given as

Gij(t, ν) = Ui(t, ν)U∗
j (t, ν) (6)
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Each antenna gain can be decomposed in a frequency independent gain, Ai(t) and of a (even-
tually time dependent) bandpass function Bi(ν, t), so that

Gij(t, ν) = Ai(t)A∗J(t)Bi(ν, t)B∗j (ν, t) (7)

1.1 Amplitude Bandpass

For the autocorrelation, the power gain of an antenna is thus given by

Gi(t, ν) = |Ai(t)|2|Bi(ν, t)|2 = Ai(t)Bi(ν, t) (8)

so that the modulus of the visibility gain is

Gij(t, ν) =
√

Gi(t, ν)Gj(t, ν) (9)

Comparison of equations 5 and 8 shows that the (antenna) amplitude bandpass term B(νRF , t)
is given by

B(νRF , t) =
gatm(νRF , t)γall(t)

A(t)
grec(νRF )gIF(νIF )gDC(νDC) (10)

If accurate enough predictions of the frequency dependence of the atmospheric transmission
can be made (gatm(ν, t) = gatm(t), and we have

gatm(νRF , t)γall(t) = A(t)

so that the bandpass term is constant in time and equal to

B(νRF ) = grec(νRF )gIF(νIF )gDC(νDC) (11)

1.2 Phase Bandpass

The phase terms appearing in Bi(ν, t) must also be calibrated out. The first order effect
in the phase bandpass is the delay, which is the derivative of the phase versus frequency.
In addition, filters introduce frequency dependent phases which must be calibrated out (see
ALMA memo 452 by d’Addario). In order to obtain a time independent phase bandpass, it is
important to properly correct for the time varying effects. A systematic effect is the geometrical
delay, whose correction requires accurate baseline measurements. Delay errors due to digital
truncation of the delay steps are entirely predictable and must be corrected for in software. The
remaining dominant effect is the atmospheric “phase”, which is actually a delay, except near
strong atmospheric lines, where there is an additional chromatic effect on the phase. Since the
prediction of the variations of the atmospheric delay will inevitably be limited, this component
will introduce a variable bandpass. On long integrations, it will average to zero, but on short
timescales (e.g. snapshot images) it may have a non-zero component.

2 Amplitude Bandpass Calibration

In the previous section, we introduced the bandpass in its simplest conceptual form, i.e. ex-
pressing the measured amplitude of visibility as the product of the source visibility by the
baseline gain. However, this is not always the most appropriate representation because 1) the
gain may have very fine frequency dependence, and 2) the atmosphere chromatism needs to be
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predicted and corrected for accurately. Because of the latter problem, the bandpass calibration
depends on how the (time dependent) amplitude calibration (called Amplitude Calibration
thereafter) is implemented. Actually, if the Amplitude Calibration could be done with the
adequate spectral resolution, there would be no need for a subsequent bandpass calibration.
Unfortunately this approach can not be implemented because there is insufficient sensitivity at
the highest spectral resolution to directly determine the gain.

Hence, Amplitude Calibration and Bandpass Calibration intimately interact. We shall
restate here the properties of the two usual Amplitude Calibration methods which are foreseen
to be implemented for ALMA namely the Single Load and Dual Load methods.

2.1 Basic Equations of Amplitude Calibration

The calibration can be derived from the output powers measured by the receiver on the sky
Psky and when looking at a load Pload, compared to the correlated signal measured by the
correlator, Csource:

Psky = K(T )(Trec + Jsky) (12)
Pload = K(T )(Trec + fJload + (1− f)Jsky)

Csource = K(T )gsηe−τTA

The coefficient K(T ) incorporates possible non linearity of the detector (receiver + amplifiers
+ backend). f is the fraction of the beam filled by the load, and η the forward efficiency. gs

and gi are the normalized signal and image gain of the receivers gs + gi = 1. Note that, in
terms of image to signal sideband gain ratio, g,

gs = 1/(1 + g) and gi = g/(1 + g) (13)

The sky emissivity Jsky is given by

Jsky = gs(ηJs
m(1− e−τs) + ηJs

bge
−τs + (1− η)Js

spill) (14)

+gi(ηJ i
m(1− e−τi) + ηJ i

bge
−τi + (1− η)J i

spill)

where τj is the sky opacity (at the current elevation) and

J j
x =

hνj

k

1
ehνj/kTx − 1

(15)

is the Rayleigh-Jeans equivalent temperature of a black body at Tx at frequency νj . j takes
values s or i for signal or image bands respectively. Jm is the effective sky temperature, Jbg

the cosmic background, and Jspill the spillover. Similarly, the effective load temperature Jload

is
Jload = gsJ

s
load + giJ

i
load (16)

2.2 Single Load Calibration

In the single-load technique, the source antenna temperature is given by

TA = Tcal
Csource

Pload − Psky
(17)
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Figure 2: Dependency of the Tcal/(1+g) factor as function of frequency for a load temperature
of 283 K. Curves are given for 4 water vapor content: 0.5 mm (black), 1 mm (red), 1.5 mm
(green) and 2 mm (blue) for frequencies below 380 GHz, and 0.35, 0.45, 0.55, 0.65 for frequencies
above 380 GHz.

where Tcal is the calibration temperature [Ulich & Haas, 1976]. From Eq.13, one can easily
express Tcal as

Tcal =
eτs

ηgs
f(Jload − Jsky) (18)

=
eτs

ηgs
f(gsJ

s
load + giJ

i
load

− gs(ηJs
m(1− e−τs) + ηJs

bge
−τs + (1− η)Js

spill)

− gi(ηJ i
m(1− e−τi) + ηJ i

bge
−τi + (1− η)J i

spill) ) (19)

The coupling factor to the load, f , appears as a simple scaling factor in Tcal, and will just be
set to 1 in the following equations for simplicity. Eq.19, after some (tedious) re-arrangement is
strictly equivalent to the following one

Tcal = Js
spill − Js

bg + g(J i
spill − J i

bg)

+ (eτs − 1)(Js
spill − Js

m + g(J i
spill − J i

m))

+ g(eτs−τi − 1)(J i
m − J i

bg)

+
eτs

η
(Js

load − Js
spill + g(J i

load − J i
spill)) (20)
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Eq.20 allows to put in better perspective the effect of the various parameters. Eq.20 can
further be (simply) re-arranged to explicitly separate two terms, one which depends on the
opacity difference between the signal and image bands and one which does not.

Tcal = Js
spill − Js

bg + g(J i
spill − J i

bg)

+ (eτs − 1)(Js
spill − Js

m + g(J i
spill − J i

m))

+
eτs

η
(Js

load − Js
spill + g(J i

load − J i
spill))

+ g(eτs−τi − 1)(J i
m − J i

bg) (21)

Defining Xsource as,

Xsource(ν) =
Csource(ν)

Pload − Psky(ν)
. (22)

we obtain
TA(ν) = Tcal(ν)Xsource(ν) (23)

The advantage of this method is that Tcal is a rather smooth function of the frequency, and
depends very little on the elevation or the water vapor content. Most of the dependence in
these parameters is carried out by the denominator Pload − Psky in Eq.17 and Eq.22.

2.3 Dual-Load Calibration

In the dual-load calibration system, a cold and a hot temperature loads are used in general.

Phot = K(T )(Trec + Jcold) (24)
Phot = K(T )(Trec + Jhot) (25)

Csource = K(T )gsηe−τTA (26)

Eliminating the electronic gain K(T ) (ignoring saturation at this stage) gives

TA =
eτ

gsη
(Jhot − Jcold)

Csource

Phot − Pcold
= Tcal

Csource

Phot − Pcold
(27)

where the calibration temperature is now

Tcal =
(1 + g)eτ

η
(Jhot − Jcold) (28)

Defining Xsource as,

Xsource(ν) =
Csource(ν)

Phot − Pcold
(29)

the antenna temperature TA is derived from X by

TA = Tcal(ν)Xsource(ν) (30)

7



Figure 3: Dependency of the Tcal/(1+g) factor as function of frequency for a load temperature
of 283 K. Curves are given for 4 water vapor content: 0.5 mm (black), 1 mm (red), 1.5 mm
(green) and 2 mm (blue) for frequencies below 380 GHz, and 0.35, 0.45, 0.55, 0.65 for frequencies
above 380 GHz. The value is given for Jhot − Jcold = 1 K.

2.4 Bandpass Determination

2.4.1 Problem Definition

In both amplitude calibration methods, the antenna temperature is derived from a measured
quantity X by

Tsource = Tcal(ν)Xsource(ν) (31)

but the quantity X and the expression of Tcal differ.
On a strong, unresolved, continuum source (called the “bandpass” calibrator), we thus have

Tbandpass = Tcal(ν, wb, ab, xb)Xbandpass(ν) = Tref

(
ν

νref

)α

(32)

where α is the spectral index of the source (a power law spectrum is assumed here for simplicity).
For simplification, we shall assume α = 0 unless notified. In the above expression, ν is the
observing frequency, wb the water vapor content during the measurement, ab the airmass of the
observation, and xb other atmospheric parameter which is required to compute Tcal (subscript
b stand for “bandpass observation”). If we had computed Tcal from an accurate model and
with the true values for the parameters, Tbandpass would indeed represent the true spectrum of
the source.
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However, we only computed Tcal at some given frequency, say ν0 (and/or with some limited
spectral resolution), and with user specified values for the water vapor, wb0 (and perhaps other
parameters xb0 , but we are clever enough to use ab0 = ab). So what we have computed is
actually:

T 0
bandpass(ν) = Tcal(ν0, wb0 , ab, xb0)Xbandpass(ν) (33)

and it has a frequency dependence. The bandpass B(ν) is the ratio between Tref and T 0(ν),
i.e.

B(ν) =
Tref

T 0
bandpass(ν)

=
Tcal(ν, wb, ab, xb)

Tcal(ν0, wb0 , ab, xb0)
(34)

With similar notations, using subscript s for the on source observation, the source antenna
temperature is derived from

T 0
source(ν) = B(ν)Tcal(ν0, ws0 , as, xs0)Xsource(ν) (35)

where ws0 is the assumed water vapor content, while the true value should be

Tsource(ν) = Tcal(ν, ws, as, xs)Xsource(ν) (36)

Thus the bandpass error made during this measurement is

δB

B
= 1− Tcal(ν, ws, as, xs)Tcal(ν0, wb0 , ab, xb0)

Tcal(ν0, ws0 , as, xs0)Tcal(ν, wb, ab, xb)
(37)

= 1−Q(source)/Q(bandpass) (38)

2.4.2 Development

Assuming the dependencies of Tcal as a function of ν, w and a (and any other environmental
parameter x) is small, we can expand Tcal as a function of its derivatives, and obtain the
expression of Q

Q =
Tcal(ν, w, a, x)

Tcal(ν0, w0, a, x0)
(39)

= 1 + (ν − ν0)
1

Tcal

∂Tcal

∂ν
+ (w − w0)

1
Tcal

∂Tcal

∂w
+ (x− x0)

1
Tcal

∂Tcal

∂x
(40)

= 1 + ∆νQν + δwQw + δxQx (41)

where Qx is the logarithmic derivative of Tcal relative to x. We have noted ∆ν the (known)
difference between the ν and ν−ν0, and δx the (unknown) differences between x and x0. Only
the variance of δx is known. We are not interested in the absolute value of B(ν) (which is an
amplitude calibration error and will be calibrated out as part of the γall(t) term), but only on
its dependence on ν. So the bandpass error can be expanded as

δB

B
= (ν − ν0)((Qν(as)−Qν(ab)) (42)

+((ws − ws0)Qw(as)− (wb − wb0)Qw(ab)) (43)
+((xs − xs0)Qx(as)− (xb − xb0)Qx(ab))) (44)

We have now to consider that, except for ν − ν0, we are dealing with random variables, and
interested in the average bandpass errors. For example, the error on the water vapor content
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wk − wk0 is a random quantity. Also, since we are dealing with random effects here, we shall
neglect for simplicity the dependence of the Qx on the airmass, and use a representative value
for this. We can thus derive the bandpass error from

(
δB

B

)2

= (ν − ν0)2
(
(Qν(as)−Qν(ab))

2 + 2δwQ2
w + 2δxQ2

x

)
(45)

Let us consider the first term in more details and express it as a function of the partial
derivative of Tcal with respect to ν and a.

Qν(as)−Qν(ab) ' (as − ab)
∂Qν

∂a
(46)

= (as − ab)
∂

∂a

(
1

Tcal

∂Tcal

∂ν

)
(47)

= (as − ab)
(

1
Tcal

∂2Tcal

∂a∂ν
− 1

T 2
cal

∂Tcal

∂a

∂Tcal

∂ν

)
(48)

= (as − ab)
(

1
Tcal

∂2Tcal

∂a∂ν
− 1

Tcal

∂Tcal

∂a
× 1

Tcal

∂Tcal

∂ν

)
(49)

Hence, the total bandpass error is
(

δB

B

)2

= (∆ν)2(∆a)2
(

1
Tcal

∂2Tcal

∂a∂ν
− 1

Tcal

∂Tcal

∂a
× 1

Tcal

∂Tcal

∂ν

)2

(50)

+(∆ν)2
(

2(δw)2
(

1
Tcal

∂Tcal

∂w

)2

+ 2(δx)2
(

1
Tcal

∂Tcal

∂x

)2
)

(51)

where ∆a is the difference in airmass between the source and the bandpass calibration.

2.4.3 Interpretation

From Eq.51, it can be seen that the bandpass error depends linearly on the frequency offset
between the observing frequency and the reference frequency used to compute Tcal. Although in
theory, Tcal can be computed with arbitrary frequency resolution, the measurements of Xsource

are made with finite resolution, in order to obtain adequate S/N. What is used in practice is
a sampled value of Tcal in place of the appropriate bandwidth-averaged value which should be
used instead. Eq.51 thus gives an estimate of (and more precisely a strict upper limit to) the
bandpass error if ∆ν is the step in frequency with which Tcal is computed.

Although an analytical derivation of the partial derivatives is possible, it is quite lengthy.
Since we are interested in orders of magnitude of the errors, it is simpler to compute these
as a function of frequency, for various typical observing conditions. We have computed these
using the ATM model of Pardo and Cernicharo. Figures 4 to 8 present the resulting maximum
allowable frequency offset (F in GHz) to get a bandpass error of 0.1 % (0.001). All calculations
were made assuming a single load temperature of 283 K, and an outside temperature of 273
K. The airmass of the source was assumed to be

√
2. The 4 curves represent 4 different values

of the water vapor content: 0.5, 1, 1.5, 2 mm for frequencies below 380 GHz, and 0.35, 0.45,
0.55, 0.65 mm for frequencies above 380 GHz. The colored zones indicate the boundaries of
the ALMA frequency bands.

Since the bandpass error is proportional to the frequency offset, these figures can simply be
used to obtain the maximum bandpass error b over a given bandwidth ∆ν: b = 0.001∆ν/F .
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Figure 4: Maximum frequency offset to preserve a bandpass error of 0.1 % despite the elevation
change between the source and the bandpass calibration for the Single Load calibration. The
assumed elevation change is 0.5 airmass.

Scaling for different values of the other errors can be made in the same way. Figures 4-8 were
derived using the best possible frequency setup with ALMA receivers: the selection of USB vs
LSB (when possible) was made in order to minimize the image band opacity. This results in
apparent discontinuities as function of frequency, when the selected band changes from USB
to LSB and vice-versa.

2.4.4 Bandpass error in Single Load calibration

Figures 4, 5 and 6 give the maximum frequency offset which can be tolerated before the
bandpass error exceeds 0.1% for the Single Load calibration. Figure 4 is for the airmass
difference of 0.5. Figure 5 is for a water vapor error of 0.1 mm. Figure 6 is for an atmospheric
temperature error of 1 K.

2.4.5 Bandpass error in Dual Load calibration

The same parameters can be computed for the Dual Load calibration. However, the Tcal factor
has no dependence in temperature for the dual-load calibration (see Eq.28), so there are no
errors associated with the temperature. Figure 7 is for the airmass difference of 0.5. Figure 8
is for a water vapor error of 0.1 mm.

11



Figure 5: Maximum frequency offset to preserve a bandpass error of 0.1 % despite errors on
the water vapor content in a Single Load calibration. The assumed error on water content is
0.1 mm.

2.4.6 Comparison

To figure out which method is advantageous, it is practical to display the ratio of permissible
frequency offsets for Single Load over that for Dual Load. Ratios larger than 1 indicate that
the Single Load method is more appropriate. This ratio is presented for the two common errors
in Fig. 9-10.

It can be seen from the Fig.9-10 that the Single Load calibration provides significantly
better accuracy than the Dual Load calibration method over most of the frequency coverage.
This remains true unless the error on the atmospheric temperature Jm significantly exceeds a
few K (see Fig.6).

2.5 Integration Times and Source Strength

From Eqs.29 and 22, it can be seen that the error on TA(ν) depends not only on Tcal but also
on the noise on Pload and Psky (or Phot and Pcold for the dual load case). These errors must
be kept small compared to the noise on Csource. The time which must be spent calibrating the
amplitude (i.e. measuring Pload and Psky) will thus depend on the (correlated) source strength.
In most cases, the source strength is a small fraction of the noise power. Since we must calibrate
the amplitude frequently to correct for the atmospheric opacity fluctuations, the restriction on
the integration time for the amplitude calibration are small. For example, a 30 Jy source is
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Figure 6: Maximum frequency offset to preserve a bandpass error of 0.1 % despite errors on the
atmospheric temperature Jm in a Single Load calibration. The assumed error on temperature
is 1 K.

only 1 or 2 % of the system temperature, so calibrating for 1 second every 2 to 5 minutes would
be more than sufficient.

The worst case would be observations of strong sources, for example maser lines or planets.
Moreover, in this calibration scheme, it is assumed that Psky is the power on the empty sky,
without any source contribution. This can be obtained by dedicated observations of an empty
region of the sky near the source (for example when observing planets) or, in the case of spectral
lines, by interpolation of the power from empty regions of the spectrum.

Finally, the integration time on the bandpass calibrator is directly dependent on the ratio of
calibrator strength over source strength, and should be adjusted accordingly for each project.

2.6 Discussion

Fig.4-6 demonstrate that bandpass accuracies of 0.1 % can be reached over bandwidth rang-
ing from 100 MHz (near atmospheric absorption lines) to 10 GHz and even beyond. Since
the bandpass error is strictly proportional to the frequency difference, proportionally higher
accuracy can be reached over narrower bandwidths.

Interpreting Fig.4-6 requires some care. For example, the accuracy seems limited at submm
wavelengths. However, the assumption of 0.1 mm of error on the water vapor is certainly
significantly larger than what can be done when the water vapor content is in the range 0.35
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Figure 7: Maximum frequency offset to preserve a bandpass error of 0.1 % despite the elevation
change between the source and the bandpass calibration for the Dual Load calibration The
assumed elevation change is 0.5 airmass.

– 0.65 mm, and the bandpass error displayed in Fig.5 scales linearly with this assumed error.
Also, the interpretation of the frequency difference is difficult. In the figures, we assumed the
calibration was made at one (sampled) frequency, while the observation is done at a slightly
different frequency. In practice, because of the requirement of sufficient signal to noise in
the measurement of Xsource(ν), the bandpass will be determined by using an average over a
finite bandwidth. Because of this averaging effect, a first order estimate is that the effective
bandwidth over which the precision is obtained is 4 times larger than the frequency quoted
in the Figures (or equivalently that the bandpass accuracy is actually 4 times better for this
bandwidth).

Finally, the ATM model used here does not contain a number of minor constituents like
Ozone, so that a significant number of narrow lines will need to be added and will modify the
details of the bandpass accuracy. This is expected to be insignificant below 220 GHz, but will
limit the accuracy (near these lines) at sub-mm wavelengths.

3 Gain ratio measurement

A special case of the bandpass calibration is the sideband gain ratio g, that is g(νSignal)/g(νImage)
for νSignal and νImage corresponding to the same νRF. g is required to compute the calibration
temperatures Tcal (see Eq.21 and 29).
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Figure 8: Maximum frequency offset to preserve a bandpass error of 0.1 % despite errors on
the water vapor content in Dual Load calibration. The assumed error on water content is 0.1
mm.

3.1 Equations

The cross correlation gives the source temperature in both sidebands, T s
A for the signal sideband

and T i
A for the image sideband.

T s
A = T s

cal1 ×
Cs

source

Pload − Psky
= T s

cal2 ×
Cs

source

Phot − Pcold
(52)

T i
A =

T s
cal1

g
× Ci

source

Pload − Psky
× e−(τs−τi) =

T s
cal2

g
× Ci

source

Phot − Pcold
× e−(τs−τi) (53)

where g is the gain ratio (ratio of the gains gi in the image sideband and gs in the signal
sideband, normalized so that gi + gs = 1), Csource is the correlated signal from the source, Pload

and Psky the output power measured on the load and on the sky, respectively, and Tcal1 the
calibration temperature for Single Load, and Tcal2 for Dual Load. The superscripts i and s
stand for the image and signal sideband, respectively.

By taking the ratio of the temperatures in the signal and in the image sideband:

T s
A

T i
A

= g
Cs

source

Ci
source

× e(τi−τs) (54)

g =
(

T s
A

T i
A

)
Ci

source

Cs
source

e(τs−τi) (55)
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Figure 9: Ratio of allowable bandwidth for the same bandpass error in Single Load and Dual
Load calibration schemes, for the elevation difference between the source and the calibrator.

we can derive g. In the case of a continuum source, the ratio of the temperatures only depends
on the spectral index of the source, and is close to 1 since the difference in frequency between
the signal and image bands is small compared to either frequency. The precision on g will thus
depend on the precision on τs − τi and on the knowledge of the bandpass calibrator spectral
index. Note that the above expression is independent of the calibration scheme.

3.2 Opacity Prediction

The opacity difference, τs − τi, can be obtained from the predictive atmospheric model like
ATM. Another solution however is when 2 calibration sources at 2 different elevations can be
observed. In this case, τs − τi can be measured.

3.2.1 Opacity Difference Measurement

If a is the airmass through which the first source A is observed and b the airmass through which
the other source B is observed, we can write

g =
T s

A(A)
T i

A(A)
Ci

source(A)
Cs

source(A)
× e(τ0

s−τ0
i )a (56)

g =
T s

A(B)
T i

A(B)
Ci

source(B)
Cs

source(B)
× e(τ0

s−τ0
i )b (57)
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Figure 10: Ratio of allowable bandwidth for the same bandpass error in Single Load and Dual
Load calibration schemes, for the errors on the water vapor content.

where τ0
s and τ0

i are the signal and image zenith opacities. With this system of 2 equations
and 2 unknowns (τ0

s − τ0
i ) and g, g can be determined without assumptions on the opacity:

g =
T s

A(A)
T i

A(A)
Ci

source(A)
Cs

source(A)

[
T s

A(B)
T i

A(B)
T i

A(A)
T s

A(A)
Ci

source(B)
Cs

source(B)
Cs

source(A)
Ci

source(A)

] a
a−b

(58)

The calibration sources have to be sources of flat spectrum or of known spectral index. If we
call α the spectral index of source A and β the spectral index of source B, then:

T s
A(A)

T i
A(A)

=
(

νs

νi

)α

T s
A(B)

T i
A(B)

=
(

νs

νi

)β

where νs and νi are the signal and image frequencies. Since we consider only the ratio of the
source temperatures in the signal and in the image band, it is not necessary to know the flux
of the calibrator.

3.2.2 Measurement precision

Eq. (58) can be rewritten as the product of two terms, gT and gc, one coming from the knowledge
of the temperature ratios (gT ), the other from the measurements of the correlated intensities
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(gc):

g =
T s(A)
T i(A)

[
T s(B)
T i(B)

T i(A)
T s(A)

] a
a−b

︸ ︷︷ ︸
gT

Ci(A)
Cs(A)

[
Ci(B)
Cs(B)

Cs(A)
Ci(A)

] a
a−b

︸ ︷︷ ︸
gc

and the error on g derived:
δg

g
=

δgT

gT
+

δgc

gc
(59)

• For gT we have:

δgT

gT
=

∣∣∣∣ln (
νs

νi
)
∣∣∣∣ δα +

a

|a− b|
(∣∣∣∣ln (

νs

νi
)
∣∣∣∣ δβ +

∣∣∣∣ln (
νs

νi
)
∣∣∣∣ δα

)
(60)

Assuming equal uncertainties on the spectral index of both calibration sources (δα = δβ), and
neglecting the fact that these uncertainties may be uncorrelated:

δgT

gT
=

(
1 +

2a

|a− b|
) ∣∣∣∣ln (

νs

νi
)
∣∣∣∣ δα (61)

• For gc:

(
δgc

gc

)2

=
(

δCi(A)
Ci(A)

)2

+
(

δCs(A)
Cs(A)

)2

+
(

a

a− b

)2
[(

δCs(A)
Cs(A)

)2

+
(

δCi(A)
Ci(A)

)2

+
(

δCs(B)
Cs(B)

)2

+
(

δCi(B)
Ci(B)

)2
] (62)

To first order, the correlator signal in the image band is linked to that in the signal band by:
Ci ' g Cs (since T i/T s ∼ 1 and τi ∼ τs). The noise on this signal is the same in both bands:
δCi = δCs. Therefore:

δCi

Ci
=

1
g

δCs

Cs

If in addition we suppose similar measurement errors for both calibration sources, ie.

δCs(A)
Cs(A)

=
δCs(B)
Cs(B)

=
δCs

Cs

Eq. 62 becomes: (
δgc

gc

)2

=
(

1 + g2

g2

) (
1 + 2

(
a

a− b

)2
) (

δCs

Cs

)2

(63)

3.2.3 Error on g

Since we have gT ≈ 1 and gc ≈ g, we can write:

δg

g
' δgT +

δgc

g

The expression of δg depends upon whether the receivers are SSB or DSB.
• and in SSB, g ¿ 1, ie

δg ≈ g δgT + δgc ≈ δgc
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• In DSB mode, g ' 1, so that
δg ≈ δgT + δgc

To evaluate δgT /gT , we can use the approximate relation:

ln (
νi

νs
) ∼ 2 νIF

νi

with νIF ranging from 4 to 12 GHz, depending on the receiver band and where in the IF band
we are looking at.

Using νIF = 8 as an average, and taking typical values for the airmasses, e.g. a = 1.7 and
|a − b| = 0.5 (i.e. b = 1.2 or b = 2.2), and assuming an uncertainty on the spectral index of
4 10−2, we find:

δgT

gT
∼ δgT ∼ 1.25/ν [GHz]

and for gc:

δgc =

√√√√(1 + g2)

(
1 + 2

(
a

a− b

)2
)

δCs

Cs

3.2.4 Improvement of precision

The precision on g can be better than given by the equations above, since the zenith opacity
difference between the signal sideband and image sideband τ0

s − τ0
i can be considered to be the

same for each antenna of the array. This means that the N systems of Eq. 56 and 57 yielding
the antenna gain ratio g for an antenna have a common unknown τ0

s − τ0
i . Therefore, the

random part of the error on τ0
s − τ0

i can be reduced by a factor
√

N , and the precision on g
can be improved as well (Eq. 56).

From Eq. 56 and 57, the opacity difference in the signal and in the image sideband can be
written as:

τ0
s − τ0

i =
1

a− b

[
ln

(
T s

A(B)
T i

A(B)
T i

A(A)
T s

A(A)

)
+ ln

(
Ci(B)
Cs(B)

Cs(A)
Ci(A)

)]
(64)

Using the for the opacities the same decomposition as for g, i.e.: τ0
s − τ0

i = τ = τT + τc with

τT =
1

a− b
ln

[
T s

A(B)
T i

A(B)
T i

A(A)
T s

A(A)

]
(65)

τc =
1

a− b
ln

[
Cs(A)
Ci(A)

Ci(B)
Cs(B)

]
(66)

the errors on τc and τT can be written as:

δτT =
∣∣∣∣ln

(
νs

νi

)∣∣∣∣×
δα + δβ

|a− b| (67)

(δτc)
2 =

(
1

a− b

)2
[(

δCs(B)
Cs(B)

)2

+
(

δCi(B)
Ci(B)

)2

+
(

δCs(A)
Cs(A)

)2

+
(

δCi(A)
Ci(A)

)2
]

(68)

Making the same assumptions on δα, δβ and δC/C yields:

δτT ' 2
∣∣∣∣ln

(
νs

νi

)∣∣∣∣
δα

|a− b| (69)

δτc '
√

2
a− b

√
1 + g2

g

δCs

Cs
(70)
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While the precision on τT is limited by the knowledge of the source spectral index, with N
antennas, we have N independent measurements of τc. Assuming all antennas have receivers
with similar values for g and similar system temperatures yielding similar δC/C, Eq.70 becomes:

δτc '
√

2
a− b

√
1 + g2

g

1√
N

δCs

Cs
(71)

The errors for τT , and τc after the precision improvement obtained with N = 64 are given in
Table 1. These errors were obtained supposing the SSB gain is 15 dB. At mm wavelengths, the
impact of the uncertainty in the spectral index is limited by the sideband rejection. At submm
wavelengths, where receivers are DSB, it is limited by the small relative difference in frequency
between both sidebands.

ν [GHz] 90 230 350 410 690 850
g δτT 9.0 10−4 3.5 10−4 2.3 10−4 6.2 10−3 3.7 10−3 3.0 10−3

g δτc/(δCs/Cs) 0.35 0.35 0.35 0.5 0.5 0.5

Table 1: Error on τT and τc defined in Eq. 65 and 66, such as the zenith opacity difference
τ = τ0

s − τ0
i = τT + τc. The error on τc takes into account the improvement due to the N

antennas. The receivers are supposed SSB up to 350GHz. In SSB, the gain g was taken as
0.03 (15 dB).

Now that we have derived the error on τs− τi, we can estimate the error on the gain g. We
introduce γT and γc in Eq. 56:

γT =
T s(A)
T i(A)

and γc =
Ci(A)
Cs(A)

(72)

so that: g = γT γc ea τ , and

g = (γT eaτT ) (γc eaτc)

δg

g
=

δγT

γT
+ a δτT +

√(
δγc

γc

)2

+ (a δτc)2

δγT

γT
=

∣∣∣∣ln
(

νs

νi

)∣∣∣∣× δα

(
δγc

γc

)2

=
(

δCs(A)
Cs(A)

)2

+
(

δCi(A)
Ci(A)

)2

=
1 + g2

g2

(
δCs

Cs

)2

which yields:

δg

g
=

∣∣∣∣ln
(

νs

νi

)∣∣∣∣ δα + a δτT +

√
1 + g2

g2

(
δCs

Cs

)2

+ a2 (δτc)2

=
∣∣∣∣ln

(
νs

νi

)∣∣∣∣ δα + a δτT +

√
1 + g2

g

√
1 +

2 a2

N(a− b)2
δCs

Cs

(73)

so that :

g δgT = g

∣∣∣∣ln
(

νs

νi

)∣∣∣∣ δα + a gδτT (74)

δgc =
√

1 + g2

√
1 +

2 a2

N(a− b)2
δCs(A)
Cs(A)

(75)
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Expanding the error on τT from Eq.69, we obtain

g δgT = g

∣∣∣∣ln
(

νs

νi

)∣∣∣∣
(

1 +
2a

|a− b|
)

δα (76)

δgc =
√

1 + g2

√
1 +

2
N

(
a

a− b

)2 δCs

Cs
(77)

The original case with N = 1 (which was unphysical, since closure relations, and thus at least
3 antennas, are required to determine an antenna-based gain) is included in this more general
expression.

The final outcome depends on the value of g:
• for SSB receivers, g ¿ 1

δg = g

∣∣∣∣ln
(

νs

νi

)∣∣∣∣
(

1 +
2a

|a− b|
)

δα +

√
1 +

2
N

(
a

a− b

)2 δCs

Cs
(78)

• in DSB, g ∼ 1

δg =
∣∣∣∣ln

(
νs

νi

)∣∣∣∣
(

1 +
2a

|a− b|
)

δα +
√

2

√
1 +

2
N

(
a

a− b

)2 δCs

Cs
(79)

Table 2 gives the final error on g, assuming g = 0.03 for mm bands, and g = 1 for the sub-mm
receivers, and N = 64.

ν [GHz] 90 230 350 410 690 850
g δgT 1.8 10−3 6.8 10−4 4.5 10−4 1.2 10−2 7.2 10−3 5.9 10−3

δgc/(δCs(A)/Cs(A)) 1.17 1.17 1.17 1.65 1.65 1.65

Table 2: Errors g δgT and δgc (δg = g δgT +δgc), taking into account the fact that the precision
on τc can be improved by a factor

√
N = 8. In SSB, the gain g was taken to be 15 dB.

Since δg = g δgT + δgc, a precision on g of 1% at millimeter wavelengths and of 3% at
submillimeter wavelengths is obtained for the precision on δCs/Cs given in Table 3.

Table 3: Signal to noise (at the signal frequency, SNR = Cs/δCs) needed to obtain a precision
on g of 1 % at millimeter wavelengths and 3 % at submillimeter wavelengths.

ν [GHz] 90 230 350 410 690 850
δg 1 % 1 % 1 % 3 % 3 % 3 %
δCs

Cs 0.70 % 0.80 % 0.82 % 1.09 % 1.38 % 1.46 %
SNR 143 126 123 92 72 68

3.2.5 Integration time

The sensitivity which can be obtained on the correlation coefficient is given by

δCs

Cs
=

σ0√
∆ν t Sν

(80)
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(cf. ALMA Memo 372, Eq. 8). σ0 is the antenna based sensitivity given in Table 6 of
Memo 372. The integration times to reach the precision given in Table 3 for δCs/Cs in the
different frequency bands are presented in Table 4, for source intensities of 1.5 Jy and 1 Jy, and
a frequency resolution of 250 MHz. The actual calibration time is twice the values given in
Table 4 since two calibrators must be observed.

ν [GHz] 90 230 350 410 690 850
σ0 (mJy) 14.2 30.9 75.9 93.2 319.5 399.3
tint(1 Jy) 16 s 1 min 6 min 4 min 45 s 35 min 47 min

tint(1.5 Jy) 7 s 27 s 2 min 40 s 2min 10 s 15 min 25 s 21 min

Table 4: Needed integration times to reach the value given in Table 3 on the precision of g over
a 250 MHz bandpass for a calibration source of 1 Jy and a calibration source of 1.5 Jy. Values
for σ0 are taken from Table 6 of Memo 372.

3.3 Discussion

The error on g mentioned in Table 2 is an absolute error, and should not be interpreted as a
bandpass error. Indeed, it is expected that g is only slowly dependent on the (IF) frequency,
since the intrinsic bandwidth of the receiver is large. However, apparent variations of g on
smaller scales can be obtained since the measurement process directly links g to τs − τi, which
can have narrow features due for example to the Ozone lines. It is thus important in the
determination of g

• to use the best possible prediction of τs − τi at the adequate spectral resolution.

• to solve for g at a coarser frequency resolution only once this opacity correction has been
properly applied.

If needed, an iterative process can be implemented (progressively increasing the resolution for
τs − τi, but decreasing it for g). Remaining small errors on g as a function of frequency will
be corrected by the bandpass calibration. This is valid in an a posteriori calibration process,
where it is indeed possible to obtain a suitable bandpass calibration source. In case no strong
enough source can be found to measure the bandpass, i.e. in an a priori calibration scheme,
the distinction between the bandpass error and the error on g becomes less significant (the
bandpass is then g(ν)/ < g(ν) >).

4 Phase Bandpass Calibration

The previous section only dealt with amplitude. Phase bandpass can only be measured using
a common signal injected into all antennas. In some arrays, such a common signal can be
injected fairly high in the signal path: for example, a common noise source can be switched
into all antenna ports of the correlator in the IRAM array. This gives 100 % correlation, and
allows to calibrate with high spectral resolution the details of the frequency response in phase
of the correlator. One is then left with the phase response coming from the other parts of the
instrument, i.e. cables, receivers and antennas, but which have a much shallower frequency
dependence.
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Because the signal is digitized at the antenna in ALMA, this is unfortunately not possible.
The only “common signal” is a reference astronomical source. Then, the measurement will be
signal to noise limited. However, the situation is not as bad as it looks. The reason is that all
processing after digitization is pure numeric (by definition), so that its effect on the bandpass
can be predicted. Hence, we are left with calibrating signals over bandwidths of order 1 GHz,
since the sampling is done in the 2-4 GHz band.

Simulations of the anti-aliasing filter response have been performed by
[d’Addario, memo 452]. From the Figure 6 of this memo, we can derive a maximum
phase change going as ∼ 180◦(δν/0.5 GHz)2 near the filter edges.

δφ ≤ 180◦
(

δν

∆νT

)2

(81)

with ∆νT = 0.5 GHz. Thus if we want to limit the phase error to say φe = 1◦, we have to
calibrate the phase at a resolution ∆ν such that

(
∆ν

∆νT

)2

≤ φe

180◦
(82)

∆ν ≤ ∆νT

√
φe

180◦
(83)

which gives 40 MHz for φe = 1◦. Now, we also want the random error on the phase during the
calibration to be less than the same value. Since the phase error σφ is related to the antenna
sensitivity by

σφ (deg) =
180◦

π

σ0

Sν

√
t∆ν

(84)

(see ALMA Memo 372, Eq.6), we thus need

t =
(

180◦

πφe

)2 1
∆ν

(
σ0

Sν

)2

(85)

t =
(

180◦

φe

)5/2 1
π2∆νT

(
σ0

Sν

)2

(86)

If we want to equally balance the random and systematic error in the budget, the value of φe in
these formulas should be

√
2 lower than the desired goal. Table 5 gives the expected integration

time as function of frequency for a 1◦ final error and 3◦ also. Note that the integration time
goes as the 5/2 power of the required precision.

ν [GHz] 90 230 350 410 690 850
σ0 (mJy) 14.2 30.9 75.9 93.2 319.5 399.3
tint(1 Jy) 17 s 1 min 24 s 8 min 30 s 13 min 2 h 30 min 4 h
tint(1 Jy) 1.1 s 5.4 s 33 s 49 s 9 m 40 s 15 min

Table 5: Needed integration times to reach 1◦ overall bandpass error when observing a 1 Jy
source as a calibrator (line 2). Line 3 gives the time required to obtain 3◦ bandpass error only.
Values for σ0 are taken from Table 6 of Memo 372.
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5 Conclusion

We have shown that bandpass calibration with an accuracy of 0.1 % is possible on astronomical
sources provided the electronic is made sufficiently stable and standing waves are minimized,
making the atmosphere the ultimate limiting factor. Since astronomical sources have to be used,
the required integration time varies substantially as a function of frequency. High accuracies
can be reached in a minute of time at mm wavelengths, but integration time as large as an
hour can be needed at sub-mm wavelengths.

We can minimize the bandpass errors due to the atmosphere by using a scheme based on the
single-load amplitude calibration. The proposed scheme is a variant of the so-called bandpass
normalization technique. It uses normalization by the difference between the sky emission and
the load emission, rather than normalization by the auto-correlation spectrum in the usual
case.

In this scheme, the calibration factor Tcal should be computed with sufficient spectral resolu-
tion to represent the variations of the atmospheric opacity with frequency. Using the single-load
expression for Tcal result in a smoother dependence with frequency, which is more amenable to
interpolation than the dual-load expression. Whenever the correlator is configured into narrow
bands, it can be advantageous to perform the bandpass calibration in broad band mode only
to improve the accuracy of the atmospheric modelling, since the Tcal and hence B(ν) factors
are solely functions of frequency (see Eq.51).

To calibrate out the fine structure of the bandpass, which is due to the electronics, we
propose to make direct use of the known properties of the digital filters. The response (in
amplitude and phase) of these filters will have to be calculated (and if possible measured once
in the laboratory) and to be inserted in the calibration software.

Bandpass calibration must be performed at the observing frequency. It will be limited by
the knowledge of the sideband opacity difference. This could be significant near the edges of
atmospheric lines. This situation is more frequent in the sub-mm domain, where the number
of lines from minor constituents like Ozone is larger. The sideband opacity difference can be
predicted from the atmospheric model. However, a direct measurement is also possible, by using
two bandpass calibrators at different elevations. Such measurements can be time consuming
(specially at sub-mm frequencies), but could be used occasionally to improve the accuracy of
the atmospheric model.

The bandpass calibration must be performed on strong point-like sources, of known spectral
index. The knowledge of the spectral indexes will be a limiting factor in the wide band modes.
Building up a database of suitable sources will be necessary, since the knowledge of these
spectral indexes could be improved by bootstrapping techniques among several sources. The
list of calibrators should be large enough, because even the spectral index is likely to vary as a
function of time for quasars.
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