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On—axis Instrumental Polarization Calibration for
Linear Feeds

W. D. Cotton, August 7, 2015

Abstract—Various instrumental and atmospheric effects cor- to which the detector responds. An alternate, and popular
rupt the response of an interferometer to polarized signals. In e approach is to model the response as the desired state plus a
case of high dynamic range imaging, uncorrected, these effectsgaction of the orthogonal state. The fraction of the ortbrg

can also degrade the total intensity image. These effects must . w N .
be estimatec? and removed in ordeyr to p?roduce images of the state is referred to as the “leakage term”. This model has the

polarized emission, or high dynamic range total intensity images. a@dvantage that it can be linearized allowing for fastemfiti
This memo describes the implementation in Obit of the feed See [4][5][6] for more detailed descriptions of the respotes
ellipticity—orientation modeling and correction for arrays with polarized radiation.
linearly polarized feeds. Examples are given using data from the Much traditional radio interferometric software at the
KAT-7 and ALMA arrays. . )

NRAO uses data from arrays using circular feeds. Therefore,

Index Terms—interferometry, polarization, calibration it is convenient to have the transformation of observed to
calibrated data to also transform the visibilities into eceiar
. INTRODUCTION basis, i.e. what would have been observed with circularsfeed

ADIO interferometric imaging of polarized celestial
emission provides a powerful probe of various physic@{. Effects of prior calibration
processes as well as the propagation through intervening.. . . o .
) . iscussions of instrumental polarization such as thosengiv
media. Instrumental and atmospheric effects corrupt the re . . .
. . : . in [4] generally do not include the effects of prior caliboat
sponse of an interferometer to polarized signals. In paetc T :
. . n, the data. The common practice is to calibrate the two
the array detectors do not respond to precisely the intended N L
o2 . . . parallel polarization systems of visibilities indepentign
polarization state which leads to a spurious polarizedaesg. ! . :
.. o . . Since interferometers only measure differences of theghas
Detectors sensitive to the electric field of the mcommgf

i ) a wavefront between pairs of antennas, the absolute phase

wave, as used in radio heterodyne systems, respond to a sing| .
T . . iS'undetermined and phases are referred to that at a reéerenc

polarization state; in order to fully measure the polai@abf

the wave, detectors measuring orthogonal poIarizatiottie$ta"’mtenna whose phase (and delay) has been arbitrarily set to

: zero. This allows for an arbitrary phase and delay offset
are needed. In the correlation process, all four producthef . N
between the independent polarization systems. See [7] for a
two states at each antenna are produced. The most commap . .
. . . ..discussion of correcting these offsets.
used systems are right- and left-hand circular polaripatio
and orthogonal linear polarizations. In practice, the et

polarizations are never precisely the desired ones. Thet exB. Response by Linear Feeds
polarization states detected must be determined in order 1%0r an interferometer with perfectly linear feeds obsegvin

transform the measured visibilities into the correctedrfor an unresolved, partially polarized source and forming uirf

TPiS memo de§cribes gn.implem_entat?on in the Obit IoaCka‘Q((?rrelation products the expected visibility [XX,XY,YX¥]
[1] * of the nonlinear ellipticity—orientation model for array§q given by [8]:

using alt-az mounted antennas and using detectors (AKA

“feeds”) sensitive to orthogonal linear polarizationseTasult St = [ipol + gpol cos(2y) + upol sin(2v),
of the application of the calibration derived is the obsdrve — gpol sin(2) + upol cos(2¢) + j vpol,
data corrected and transformed into a circular basis. Cali- — gpol sin(20) + upol cos(24)) — j vpol
bration of arrays with circular feeds is discussed in [2]eTh ap p J vpos,
development here follows that of [3]. ipol — qpol cos(2¢)) — upol sin(2¢)]
whereipol, gpol, upol andvpol are the Stokes’ I, Q, U and
[I. INTERFEROMETRICPOLARIMETRY V of the source and j is/—1 . ¢ is the angle between the

An arbitrary electromagnetic wave can be described as elligX” feed and the meridian measured from north towards east.
tically polarized, circular and linear polarization aretrerne This is a combination of the orientation of the feed wrt the
cases. One way of modeling the polarization state to whicraatenna¢) and the orientation of the antenna wrt the sky. (
detector responds is the ellipticity and orientation ofehipse The “Y” is then presumed to be orientated by a furthef 90

from the X feed.y is the parallactic angle given by:

) @
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http://www.cv.nrao.edutbcotton/Obit.html X = tan
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where 0 is the source declination) is the latitude of the is observed introduces a different effect on the source and
antenna and is the hour angle of the source. For interferominstrumental polarization. Since the instrumental paktion
eters using linear feeds, Stokes Q and U contribute to afl foig introduced in the frame of the antenna, it is constant with

correlation products. parallactic angle. To separate the two contributions to the
For an interferometer using perfect circular feeds, thevequpolarized response requires that at least one calibrator be
alent visibility [RR,RL,LR,LL] is[4]: observed over a sufficient range of parallactic angle tors¢pa

the two effects. How much is enough depends on the SNR
but generally a radian or more is desirable. For a calibrator

In thi th larized ts (RL. LR) i tof known polarization, including none, any distribution of
n this case, the cross—polarized components (RL, LR) gwe parallactic angle is usable. A calibrator of known polatiza

linearly polarlzed_response to the source without a depeayde angle is required to constrain the feed orientation.
on the parallactic angle. In practice, the feeds are never

precisely that desired and some fraction of the one poléoiza
leaks into the other giving rise to a spurious “instrument®. Absolute v. Relative Calibration

polarization”. . . - .
The model used here describes each feed in terms of itsTo first order, the equations describing the polarized re

ellipticity, & and the the orientation of this ellipse, The sponse for a short baseline interferometer are degenerate

. . o in that there are more parameters than independent mea-
response of a given interferometer is given by a Muller matri

(4 x 4 complex matrix). This matrix multiplied by the truesuremgnts. This degeneracy is broken. by the higher .order
source polarization vector corrects for the effect of gactic terms if they are large enough. In practice, feeds with linea

angle and residual calibration errors gives the model vafue polarization freque_ntly have low polarization imperfect;
S . and other constraints may be needed. These may be that a
the visibilities. The strategy followed here is to deterenthe

Muller matrices needed to transform the observed data togg{g;ngg gi&(;%) gpttig?aarl]s ;Zfrlgeg (t)c\)/et;ethge;frerzgt ;ngo't:e
circular basis while correcting for instrumental polatiaa. b 9 y

The Muller matrix for a given baseline is the outer produ&arameter Is “perfect”.
of the Jones matrix for the first antenna times the conjugate
of that for the second. A Jones matrix including residual [1l. SOLUTIONS FORMODEL PARAMETERS
calibration can be constructed for each antenna:

Sc = [ipol+vpol, gpol+ j upol, gpol — j upol, ipol —vpol]
(2)

i o) o o) The parameters of the model described in Section 1I-B can
g — |9xcos(q +0x)e™’ ox) gxsin(§ + Ox)el 0¥ be fitted to a data set using any of a number of techniques. In
gy sin(§ — Oy )e? @) gycos(§ — Oy )e I (#Y) the following two such techniques are explored.

wheregx and gy are corrections to the gains of thé and
Y feeds resulting from the parallel hand calibration.

. L A. Relaxation fittin
The Muller matrix, M;;,, for baseline i-k is then the outer elaxation fitting

product ofJ; and J;. Following the method of [2] the first technique considered
. is a relaxation technique in which corrections are cydjcal
Mip, = Ji ®J; made to each model parameter being fitted by determining

Computation of the Muller matrix is described in more detall'€ effect of that parameter on the. The x* of the fit is

in the Appendix. defined as .

Apply_ing a rotat_ion for the parallactic angle, the predicte Y2 = Z(modeli — obs;)?/o?
correlation vector is then —o
Axs 0 0 0

where model; is the model value for observatian(real or
(3) imaginary part of visibility),obs; is the observation fof and
0 0 =xi 0 o? is the variance of the amplitude of observatioithe model
0 0 0 AXik values are components of the vectdy, q.; given by Eq. 3.
where For each parameteR,, in each iterationpn, the revised value

0 v 0 0
Vinodelik = M Sc Xik

is given by:
VI vderin = [XXik, XYig, Y Xy, YY) g y
6)(2
and _ ~1( ap
Ay = eI —xx) Ppy1 =Py + tan (82X2 )
op?

Yxik = eI (itxr) ) .
¢ subject to the constrain that the corrected valBg,,, leads

) o to a decrease ig?. Should this not be the case, the correction
C. Source and instrumental polarization is reduced in magnitude until thg2? decreases. Note: the
In the general case, the polarization of the calibrator @valuation ofyx? only need consider data which depend on
unknown and must be solved for jointly with the instruthe given parameter. The various partial derivatives avergi
mental polarization. For arrays with alt-az antenna mqunia the appendix. In the following, this is referred to as the
the variation in the parallactic angle at which a calibratdfast” technique.
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B. General nonlinear least squares V. OBIT IMPLEMENTATION: PCAL

Most scientific software packages provide a generalizedimplemention of this calibration technique in Obit is in
nonlinear least squares facility such as the Levenbefge task PCal which uses the software class ObitPolnCalFit.
Marquardt least squares technique. These can providetrolsitiple calibrators may be included in the solution. Cedib
solutions as well as an error analysis but can be expensiih is per channel or sliding window of channels. Fitteddfee
to compute. An initial estimate of the parameters using thframeters are stored in an AIPS PD table with the “Real” part
relaxation technique can reduce the total computing copking the ellipticity and the “Imaginary” being orientatior he
These generalised nonlinear least squares packages Ienefgble is labeled as type “ORI-ELP”.
need the derivatives of either thg’ or the model wrt the  Fitiing always uses the “fast” Relaxation method optionall
various parameters; these derivatives are given in thenaidpe followed by a Levenberg-Marquardt least squares using the
GSL package nonlinear fitter. The initial value of the param-

IV. CORRECTINGOBSERVEDVISIBILITIES eters are for perfect feeds for the first channel fitted and the

Once the model parameters describing the instrumentaults of the previous channel in subsequent fittings.
polarization are known, they can be used to remove theThe parameters to PCal allow specifying the source polar-
instrumental effects from the data. The corrected vidiilijzations for some subset of the calibrators in terms of the
vector V.. can be obtained from the observed visibilityfractional polarization, the EVPA2 and the rotation measure.
vector Vs by In this case, the X-Y phase offset in the data should also be

Vir = M™! Vg (4)  solved for and the results stored in the AIPS PD table as well

where M~ is the inverse of the Muller matrix. A useful @ an AIPS BP table. o _

property of the outer product is that the the outer product of APPlication of instrumental polarization corrections twet
the inverses of two Jones matrices is the inverse of the oufi@@ computes the inverse Muller matrix from the outer
product of the Jones matrices themselves. The inverse oPreduct of the inverse of the Jones matrices. The antenresJon

2 x 2 matrix given by: matrices are derived as described in Section 1I-B.
J— a b
T e d A. Feed orientations
is In order to constrain the orientations of feeds, obseruatio
J-l— 1 d —b of a source of known polarization angle is needed. Fortlyate
ad —bc|—c a for feeds sensitive to linear polarization the orientatidrthe

In the implementation described here, the multiplicatioffed can be readily measured. If the feed orientation are/kno
by the inverse Muller matrix will transform the observed0 sufficient accuracy (and given in the Antenna table) they
[XX,XY,YX,YY] visibilities into corrected [RR,RL,LR,LL] need not be fitted. Obit/PCal allow either fitting for the feed
visibilities. These then need correction for the paraitactorientation or leaving it at the nominal value.

angle:

Axik 0 0
0 XXk 0

0 B. X-Y phase difference
0

0 0 2x5 O
X

Vior = V'r (5) Typically, the calibration of tha parallel hand gains is don
. independently leaving an arbitrary difference in phase and
0 0 0 AXik group delay between the two systems. An initial estimate
A Y/X Gain of the delay difference can be obtained and removed using

S _Obit task RLDly [7]. Residual X-Y phase differences can be
The parallel hand calibration is generally done assumikgtimated in the fitting if one or more of the calibrators is
unpolarized calibrators. As was shown in Section II-B, abtupolarized although its state need not be previously known.

calibrator pOlarization will have an additive effect of the]'hese phase differences are included in the Output bandpass
parallel hand visibilities with opposite signs and whiclrwa (a|ps BP) table.

with parallactic angle. If an unpolarized source is incldide

in the data, it can be incorporated in the the parallel han

calibration to fix the relative gains in the calibration pees C- Y/X Gain

and then constrain further calibrations to average thellpara As described in Section IV-A the Y/X gain ratio may not

hands and thus cancelling the effects of calibrator pation. be properly determined by the parallel hand calibration and
Lacking an unpolarized calibrator, a segment of data @an be included in the calibration fitting. In PCal the refati

a polarized calibrator over which the parallactic angle haans can be determined in each channel or block of channels

minimal change can be used to constrain the X/Y gaifisted and can be incorporated into the output bandpass. table
followed by averaging the parallel hand data before ctiitana

This will leave an error in the Y/X gain ratio determined

by the calibrator polarization and the parallectic anglehef D. Stokes V

calibration. Solving for the Y/X gain ratio can be included i The value of Stokes’ V can be left at 0 or fitted on a
the calibration fitting. calibrator by calibrator basis.
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VII. EXAMPLE WITH ALMA DATA

ALMA polarization comissioning data was used to derive

TABLE |
Calibrator polarization

230

polarized images of the well known calibrator 3C286 at

GHz. Data consisted of four 2 GHz bands with all

correlation products recorded. The observations inclucidd

Source Day I | frac. lin. pol | EVPA | frac. cir. pol
Jy/bm °

3C286 1 14.6 0.094 29.6 6.6e-5
3C138 1 8.6 0.072 | -20.0 0.0017
B1934-638 1 145 0.0001 133 -0.0006
ph cal 1 0.90 0.037 | -78.8 0.0003 1)
3C286 2 141 0.096 295 8.9e-6
3C138 2 8.5 0.074| -215 0.0010
B1934-638 2 145 0.0003 -15 0.0007 2)
ph cal 2 0.90 0.038 | -78.0 0.0003
3C286 3 134 0.100 29.5 0.0005 3)
B1934-638 3 14.0 0.001| -13.0 -1.8e-5
quasar 3 271 0.033 54.3 0.0008

4)

E. Absolute or Relative Calibration

There are several options for relative v. absolute calitmat
and these are controlled by parameter refAnt. If refAnt is 5)
specified as zero, then no additional constraints are ingpose

and an “absolute” calibration is attempted. If refAnt is ajer 6)
than O, then it indicates an antenna for which the XPol
ellipticity is fixed to zero (perfect feed). If refAnt is -1¢h the 7)
average of all ellipticities is forced to zero. The lattetiop
seems most effective when Stokes V is desired. 8)
9)

VI.

The implemention in Obit was tested using data from the
KAT-7 (MeerKAT prototype) array in South Africa. This
array used linear feeds oriented vertically and horizdntal
and operates in L Band. Data were calibrated using th_e[
strong, very weakly polarized source B1934-638 and other
calibrators were self calibrated averaging the parallatidata
to avoid introducing artifacts from the calibrator’s patation.

EXAMPLES WITH KAT-7 DATA

0)

ibrators 3C279, J1337-1257, and J131029+322051 for band-
pass, polarization and phase calibration. ALMA uses lilyear
polarized feeds at 450 either side of vertical. The calibration
proceeded as follows:

3C279 and J1337-1257 were used for the parallel hand
group delay calibration.

The calibration was based on a “Flux density” of 3C279
of 10 Jy and used 3C279 as bandpass calibrator.

After an initial calibration based on 3C279, the calibra-
tors and 3C286 were self calibrated and the models used
in subsequent calibration (although all were unresolved
in this dataset).

A single scan on 3C279 was used to fix the Y/X gains
and subsequent calibration averaged the parallel hands
before determining calibration.

The calibrators and 3C286 were then used to determine
short period phase fluctuations,

followed by scan averaged amplitude and phase correc-
tions.

A single scan of 3C279 was used to correct the X-Y
delays.

Data had calibration applied using Obit task Splat.
Polarization calibration used 3C279, J1337-1257, and
J131029+322051 solving for the source polarization,
Y/X gains and X-Y phases. Since only the target
(3C286) had a known polarization angle the feed ori-
entation were left at the nominal values. Solutions were
performed in blocks of 250 MHz.

Y data from antenna 22 were found to be unreliable and
were excluded from further analysis.

After calibration, the data were imaged using Obit task

All data sets included B1934-638 and 3C286 and the lattép@ger using short period phase self calibration followgd b
was used in RLDly to correct the cross polarized dela§c@n averaged amplitude and phase self calibration. As all

Instrumental polarization calibration used fixed polaitza SCUrces were unresolved, the value in the Stokes I, Q, U

models for B1934-638 (zero linear polarization) and 3C286
(0.095 fractional linear polarization at 1.3 GHz and 0.098
at 1.8 GHz at EVPA=33. After calibration, the data were
imaged and as all sources were unresolved, the value in the
Stokes |, Q, U and V images at the location of the calibrator
were used for evaluation. Polarization results are givéralrie

| and the associated image’'s RMSes in Table Il.

Two datasets included both 3C138 and 3C286 as polariza-
tion calibrators and were identically scheduled whichvafio

comparisons of repeatability. These were observed at 1.3
GHz allowing the posibility of variable ionospheric Fargda
rotation. The results are summarized in Tables | and Il as day
1 and 2.

A third dataset included a deep integration of a polarized
guasar. This dataset was calibrated and imaged as were the
previous tests and the images in various Stokes parameters
are shown in Figure 1 and statistical measures in Tables | and

TABLE I
Image RMS
Source Day I rms Q rms U rms V rms
mJy/bm | mJy/bm | mJy/bm | mJy/bm
3C286 1 33 3.8 3.0 2.2
3C138 1 27 8.6 13.4 25
B1934-638 1 0.8 0.8 0.9 0.6
ph cal 1 4.7 0.7 0.9 0.3
3C286 2 23 2.3 2.3 0.2
3C138 2 26 8.3 12.0 3.7
B1934-638 2 3.7 1.0 1.2 0.7
ph cal 2 5.0 0.8 11 0.4
3C286 3 20 7.0, 6.4 17
B1934-638 3 11 2.3 2.0 12
quasar 3 4.5 0.8 0.6 0.2
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IPol 1819.070 MHz VPol 1819.070 MHz
-40 -20 -2

Degrees
Degrees

0.6 0.4 0.2 0.0 -0.2 -0.4 -0.6 0.6 0.4 0.2 0.0 -0.2 -0.4 -0.6
Degrees Degrees

QPol 1819.070 MHz UPol 1819.070 MHz
-5 -5

Degrees
Degrees

0.6 0.4 0.2 0.0 -0.2 -0.4 -0.6 0.6 0.4 0.2 0.0 -0.2 -0.4 -0.6
Degrees Degrees

Fig. 1. Negative grayscale images of a quasar observed with Kifh Stokes | (top left), V (top, right), Q (botton left) ardl (bottom right). Intensity scale
is given by the bar at the top labeled in mJy/beam. Maximum | i4 2y’lbeam, Q is -27 mJy/beam, U is 81 mJy/beam. CLEAN restoring ligamown
in the lower left.
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TABLE Il
Calibrator polarization

Source I | frac. lin. pol | EVPA

Jy/bm °
3C279 10.0 0.118 33.7
3C286 0.274 0.163 38.1
J1337-125 3.00 0.033 62.8
J131029+322051 0.636 0.048 85.8

in Table | are about 10lower than the value given by [9].
The fractional linear polarizations given in Table | are ood
agreement with [9]. The reasons for the discrepancy in EVPA,
and in particular, the differences for 3C138 and 3C286 are
unclear.

The ALMA example analysis gave a fractional polarization
of 16.3% and an EVPA of 38°1 This is in reasonable agree-
ment with other measurements [10] and shows the efficacy
of using the nominal ALMA feed orientations. The reasons
for the clearly spurious Stokes V image of 3C286 is not
understood.
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IV. Images in Stokes I, Q and U show no significant artifac
while the respponse in Stokes V is clearly spurious, the
source position is centered between the positive and wegati
responses and all calibrators show the same pattet) @6

of the Stokes | peak.

VIIl. DIsScUsSION

A method of calibrating the polarized response from radio
interferometer arrays using linearly polarized feeds is de
scribed and an implementation tested using data from the KAT
7 telescope. The results in the previous section show good
repeatability of results for a number of sources and a lowllev
of residual artifacts in the derived polarization imagebe T
low level of polarized residuals in images of the very weakly
polarized source B1934-638, less than 0.1%, are indicafive
the quality of correction. Polarized emission is even Visib
from a weaker source in the field shown in Figure 1.

A calibrator of known EVPA is needed to accurately deter-
mine the orientations of the feeds in order to ensure aceurat
measures of the angle of linear polarization (EVPA). This wa
done in the cases of the KAT-7 data tests described above.
However, after calibration there were residual errors irPBY
Polarization models are given in [9] for 3C138 (7.5% EVPA=-
11°) and 3C286 (9.5% , EVPA=33 at 1.45 GHz. 3C286 was
used to set the EVPA scale but the results shown in Table |
all gave an EVLA of~30°, 3° lower than the value used in
the calibration of~33°. The EVPA values for 3C138 given

TABLE IV
Image RMS
Source I rms Q rms U rms V rms
mJy/bm | mJy/bm | mJy/bm | mJy/bm
3C279 267 12 29 2.0
3C286 8.4 0.1 1.4 0.1
J1337-125 76 0.3 0.2 0.5
J131029+322051 20 0.1 0.1 0.1
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3c286 | Pol 232.14 GHz 3c286 V Pol 232.14 GHz
0 -0.5 0.0 0.5 1.0 -0.2

-1.

N w ~

i

Arcsec

4 2 0 -2 -4
Arcsec

3c286 Q Pol 232.14 GHz
-0.2 0 0.2

i

Arcsec
Arcsec

Arcsec Arcsec

Fig. 2. Negative grayscale images of 3c286 observed by ALMAtiokes | (top left), V (top, right), Q (botton left) and U (batn right). Intensity scale is
given by the bar at the top labeled in mJy/beam. CLEAN restdoiegm is shown in the lower left.
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APPENDIX The model of the observed visibility is then

Muller matrix
A polarization Jones matrix which includes the effects of
parallel-hand calibration can be constructed for eachnaate

Vinodelik = My, S Cix (6)

The components of the model visibility vector in the linear

J= gxcos(§ + HX)e_i ¢);) gxsin(F + Qx)ejf(%()) basis,V odel ik, are:
gysm(— — Oy )ed (9 gy cos(Z — Oy )e—i(@r
hered is the ellipticity, ¢ th ientati ! s VT d Vxx,, = (SoMoo + S1 Mo + SoMo2 + SsMo3)9x,:9x k
whered is the ellipticity, e orientationy is v/—1, gx an v Py P u ‘ 5
gy are corrections to the gains of tié andY” feeds resulting Vxvi, = (SoMuio + SiMua + So Mz + S5 M, 3)gX,zgY,k€_j6
from the parallel hand calibration, The Muller matri;;, for Wy x,, = (SoMao + S1Ma 1 + SoMso o + SsMa 3)gy,igx ke
baseline i-k is then the outer product &f and J;. Viy,, = (SoMso + S1 Mgy + SoMs.o + S3Ms 3)gy.igy .k

Mip = Ji ®J; Partial derivatives
In order to efficiently compute the Muller matrices, for each The nonlinear fitting routines need the first and second
antenna, define: partial derivatives of Eg. 7 wrt each of the parameters being
fitted. The parameters which may be adjusted and for which

R T N\ o Jx,i
Ox = C08(4 +Oxi) €77 partial derivatives may be needed are:
Cyi= cos(g — Oy;) &) « ipol Source Stokes I.
S — win(™ 1o o e gpol Source Stokes Q.
Xi= SZ”(Z +0x,0) 7 « upol Source Stokes U.
o T —i(dy.0)  vpol Source Stokes V.
Svi = Sm(4 Ovi) e « ¢x, Orientation of X feed antenna.
and for each baseline— k define: « ¢y, Orientation ofY feed antenna.
Axip = eI (Xi=xk) « Ox, Ellipticity of X feed antenna.

o) « Oy, Ellipticity of Y feed antenna.
ik = /TR « gx, Gain correction taX feed antenna.

The Jones matrix then becomes: gy, Gain correction tat” feed antenna.
Cxi Sxi « ¢ Phase difference between X and Y parallel systems.
5 2

Sy Cyy
The elements of the Muller matrix to convert the circular gyy

J =

Source derivatives, all second derivatives are 0.

basis model visibility to the corrupted linear basis viligis Bipol =( COxiCx A"k +  Sx,iSx pAN)IX 19X k
s = ( MooA™xir + Mo3zAY,)gx.igx.k
Cx,iC%r COxiSkp SxiCxr Sx,iSky W x . s e
M;, = CxiSyp COxiCyy SxaiSyy  SxaCyy dqpol =( OxiSx i ¥"xik +  Sx,iCx 1 X3%)9x,i9x k
e SviCxr SvidSxr OviCxyp CviSx * X
) s ’ s ’ s ’ s = M E 7 M Z 7
SyiSt,  SyiCi. CyiSir. CyiCi ( 0,12 Xik + 0,227,)9X,i9X k
7 oni ’ ’ OVXX _ (j Oy S5 15" Sx1Ci 3N
where* denotes the complex conjugate. dupol = (J Cx,iSx k¥ Xk — J Sx,iCx 1 E3%)9x,i9x k
The model visibility is given by: = (5 Mox ik — 5 Moo%%)gx 4051
ipol + vpol OV x . .
S — gpol + j upol dupol =( Ox,iCx A" — Sx.iS%, RO IX,19X k
q]ig;él_—]vZﬁlOl =( MooA" i — MosAY)gx,i9x k
whereipol, gpol, upol andvpol are the Stokes’ I, Q, U and  9Vyy
V of the source. Dipol ( SviSy ek +  CyiCypAR)9vi9yk
Applying corrections for the parallactic angle: = ( MsopA*in+ MssAX)gvigye
S=§ 0 2xz O 0 dqpol ( SviOvaZixin + OviSyaXiy)gvigrin
— 9C
0 0 Xxi 0 =( M3a¥" ik + M325%)9v,igvk

0 0 0 Axik

The corrections to the parallel hand calibration can be gz;;} (7 SOy xin = J OviSyaXiy)gv.igr.n
described as G s = (j Ms15% i — j Ms 221k)gwgm
Cix = giwlzgiy;:_]; ZL/;;; =( SyiSy A" xik — COviCy 1 . AN)9v,igv.k
9z,i92.k = ( M3 oAk +— M33A5)9v,i9v,k
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oVxy
dipol

OVxy
dgpol

oVxy
Oupol

OVxy
dvpol

Vyx
Jdipol

oWy x
Ogpol

OVyx
Oupol

oVyx
Ovpol

Non

(
(
(
(
(
(
(

Cx i Sy A% Xik + SXJC}*/,}cAz(k)gX,igKkejé
M oA* Xk + My 3AX)gx.igy xe’®
Cx.iCypS Xik +  SxiSvpEh)gx.igvre’

MY Xk + Mi2X%)gx.igy ke’

= (j Ox,iCy xS Xk — J Sx.,iS% 1S5 )9x.19y ke

J MyaX Xk — § Mi2%X)gx.igy ke’

Cx i Sy A" Xik — SX,iC;,kAz(k)gX,igY,kej‘s
M ogA* ik — My 3AX)gx.igy ke’
Sy,iCx A% Xik + CY,iS;(,kAﬂ)gYwX,ke*j&
Mo oA\ + Mo 3 A% )gyigx ke 20
SyiSk xS Xk +  CyiCx 1 E8)9v.igx.we
Mo S xik +  M2oXX)gyigx ke’
Sy,iSx k2" Xik — J CY,iC§{,kZz(k)gY,igX,ke_j5
My 1S X — 7 MaoXX) gy igx ke °

Sy,iC% A" Xik — CY,iS;(,kAik)gY,igX,keijé

Mo oA\ —  Ma3AX)gyigx ke 20
derivatives i x:
54% . .
8¢);X = (—jSoMop — jS1 Mo
+ jSoMy o + jS3 Mo 3)
9X: 99X
02V
o, Vax
54% . .
a(;;X = (+jSoMop — jS1 Mo 1
k
+ jSoMoy o — jS3Mo 3)
9Xx:9Xy,
02V
5¢§;X =—Vxx
191% . .
8(;:/ =(—j3SoMio—jS1 M1
+ jSaMi o + jS3M; 3)
gXingej(S
62VXY
N =-—Vxy
15A% ) .
&;;X = (+jSoMa2p — jS1 M2,
.
+ jSaMy o — jS3Mos 3)
gv.gx.e 7’
82VYX

=—-Wx
0b%,

Non zero derivatives wrdy :

154% . .
{M)}jzy = (+j7SoMio—jS1 M1
k
+ jSoMi o — jS3 My 3)
gXingejé
0V
s, ~
k
1A% . .
6¢ny =(—JSoMay — jS1 M2,
+ jSaMs o + jS3Ms 3)
gv.9x,.€ 7’
RA%
aq;g;x =-Wx
0V; . .
&;;Y =(—7SoMso— jS1Ms1
+ JSaM3 o + jS3 M3 3)
9y, 9y,
82VYY
962, =—Vyy
5A% . .
aq:;Y = (+jSoMso — jS1 M3
k
+ jSoMs o — jS3Ms 3)
9y 9Ys,
SRAY
aéy M
k

Non zero derivatives wrf x:

VXX (8 CXTSXF — SiSX:SXr+
00x,
S CX[CX[ + S35X;CXY)
9X;9X,
82VXX
0%, =—Vxx
OVxx . % *
20 = ](_SOCXiAXi/gSXk + SlCXiZXikCXk—
Xk
SQSXZEXMSX]C + SgSXZAszCXk)
9X;:9X4,
=V
Wy _ J(=80SYESX ) — 810V S X+
00x,
S9SYCXF + S3CY;CX])
gXingejé
6% =—Vxy
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Wyx _ §(=80SY;*SX, + S, SV CXp—
9,
SCY SXy + SsCY;*CXy)
gx,9x,e °
82 VYX
0%, Vrx

Non zero derivatives wry-:

Vyy

= j(=SeSY;CY — S1CY;CY +
90y,
SeSYSY; + S5CY; SY;)
9Y: 9vs,
82Vyy
80% =— Wy
Wyy _ 5 (SoSY;CYj, + S18Y;SY;—
90y,
$,CY;CY}, + S5CY;SYz)
9y; 9y,
89% - Wy
Wy _ §(=SeCX;CY) + 510X; S —
90y,
9x,;9v3 e’
003 Vxy
MWyx . N s
= j(—SeCX[CYS — 8§, SX;CY +
00y,
SyCXSY + S35 X[ SY/")
gv.gx.e?’
80% =— Wy

Derivatives wrtgx, second derivatives are 0.0:

191%

6;”? = (SoMo,o + S1 Mo 1 + SaMo.o + SsMo 3) g &

OV

o) S5 = (SoMo + S1Myy + S2Mys + SsMi3)gs.i
9z .,k

1% ‘

8gX’./ = (SoMa,o + S1 M1 + SoMy o + S3Ma 3)gy ke

aVy. '

8gYX = (SoMs,0 + S1Ms1 + S2Ms o + S3Ms3)gy,e ™

x,k

Derivatives wrtgy, second derivatives are 0.0:

10

194% ‘
Gk = (SoMoo + Si Mo + SaMoz + SaMoa)ga.ic”
OV x »
8gY,' = (SOMLO + SlMl,l + SQMLQ + S3M1,3)gx,ke
aVY,Y
Dgys (SoMa,o + S1Maq + SoMs o + S3Ma 3)gy.k
3VY;/
8ng = (S0M3,O + SlMSJ + SQM&Q —+ S3M3,3)9Y,i
Non zero derivatives in:
Vxy _ . . PVxy . OVxy
86 —+.]VVyxa 862 ——|—] 85
oWy x -V 82VYX . Wy x
o5 J VXY, 952 =—J BY;

Derivatives of x2 wrt parameters
The x? of the fit is defined as

= 3" (model; — obs;)?/o?
=0

where model; is the model value for observatian(real or
imaginary part of visibility),obs; is the observation fof and
o? is the variance of the amplitude of observatiorDenote

model; — obs; asresid;.
The derivative ofy? wrt each parametes is:

o® - . Omodel;\ |
o ;2 (resdeTp)/ai

This expression is complex, to get the real value, instead us

2 .
% = ; 2 (Real(residi)Real(a%;lelZ)-l-
del,
Imag(residi)lmag(am%)) Jo?

whereReal andImag denote the real and imaginary parts of
the argument.

The second derivative of?> wrt each parametey is:

2model;
+residi%)/of

2.2 n . .
0°x _ Z 9 (0m0dell Omodel;
op? dp dp

=0
This expression is also complex, to get the real value, auste
use

2.2 n ,
5‘ ZQ 8model )Real(amodell n

Op )
amodelZ Tmag( Omodel,; )
dp & Op

Real(resid;)Real(———— )+

Tmag(

Imag(resid;)Imag(
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