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1 Introduction

Transmission-line identities are a useful tool in the early stages of passive net-
work design, and many such identities are well known and reported in the litera-
ture. To the author’s knowledge, however, there is no single source a researcher
can go to for a comprehensive list of all known identities, including those less
commonly used, for easy reference. What follows is an attempt to collect all
known transmission-line identities into one place to serve that purpose.

This catalog is organized into identity sets—groups of two or more networks
that are all equivalent to one another with the proper selection of element val-
ues. Schematics of the equivalent networks are shown in the first row, with the
formulas for calculating the element values in the space below. All transmission-
lines are assumed to have equal electrical length (6), unless otherwise noted (e.g.
26 or 6/2). Furthermore, in all cases, p shall represent the ratio of even-mode to
odd-mode impedance (e.g., p2 = 2Ze2/202 = Yo2/Ye2, €tc.) Both impedance and
admittance expressions have been used where appropriate to keep the formulas
as compact as possible, and it shall be understood that impedance and admit-
tance parameters having common subscripts are inverses of one another (that
is, Yeo = 1/2¢2). Two-port identity sets are covered in Section 2, three-port sets
in Section 3, and four-ports in Section 4.

The intent is for this to be a living document, and to make it as complete
as possible. To that end, the author welcomes feedback regarding any identities
that may be missing, corrections to formulas, or references for identities that are
already included if none is provided or an earlier one is found. Such contributions
will be gratefully acknowledged and cited.

A few notes about what constitutes an “identity”: An identity is a pair of
circuits or networks for which all port parameters are mathematically identical
at all frequencies. Approximate matches are not considered identities, nor are
networks which match only at discrete frequencies. For brevity, this document
will not include trivial combinations or repetition of identities unless they are
particularly revealing. Nor will it include networks which depend on hypotheti-
cal elements with no practical realization, such as all-frequency quadrature hy-
brids, ideal dispersionless impedance/admittance inverters, or negative-length
transmission lines, unless the identity enables the elimination of such elements
to make the networks realizable.



2 Two-Port Identities

2
2 Zels Zol Ze2s Zo2
b [ |
. , S T
(a) (b) (c) (d)
— 14 2a) =1 14 2eL) =2 Ze24202
21 = Za Z ) — 2%el Zo1 | T “Re2%02 (en—203)7
1 1
2y =2qt+2pb=3 (Zel + 201) =3 (Zeg + 202)
2 2
— z1z2 _ 1 _ 22e2%02 _ % _1 _ 1 (2e2—202)
a z1t+z2 2%el = Ze2+Zo2 b z1t+z2 2%0l = 3 Zeatzo2
2 2
9. z122 __ _ 4z2e2202 _ 2y _ (ze2—202)
“el = 221+22 =224 = Ze2+2o02 Zol = 2Z1+22 =22 = Ze2+202
Zen = 29 (1 + zﬁf@) =zo+ 20+ V2 (20 + 2p)
1 1
=35 (Zel + zol) + 3V ol (Zel + zol)
Zo2 = %9 (1 — lejzz) =24+ 20 — /2 (24 + 2p)
1 1
=3 (Zel + Zol) — 3V ?ol (Zel + Zol)
Source: (a)=(0)=(d) 18], (b.d)=(c) [4,5]
Zel> Zol Ze2s Zo Ze35 Z03
Z) " I
[ E— —[ 1o [ E—
(a) (b) (©) @
7 =22zl L1012 )*lz
L= 2%tz — 2 \F€2 02) = 3~ed
1 1 1
Zel = 571 (1 + Pl) =17 (2’92 + 202> (1 -+ pl) = ;%3 (1 + P1)
1 —1 1 —1 1 —1
2ol = 5721 (1—&-/)1 ) = 7 (Ze2 + 202) (1+p1 ) = 123 (1+,01 )
for any p1
— P2 _ ZelZol P2 __ P2
Zez =221 1+p2 = Tzeitzo1 1+p2 Ze3 1+p2
— 1 _ f_ZelZol 1 1
Zo2 = 221 I4+p2 42@1 Vo1 1tp2 23 THps for any ps
Zeg = 221 = 472'25?21 = Zeo + 2o for any z,3

Source: (a)=(b)=(c) [1-3], (a-c)=(d) [4,5]



2 Zq Za
Z(” ZO 01'110
21 21 Zp " I
2_ _Zx
where n Tz,
(a) (b) (c) (d)
2
— J— — — Z1Z — — n
Ze =21 =24+ 22p = 2, (n+ 1) Zo = G- =24 = Zyniy
— _ _ _ 2ZezZo Za __
21 =2e = 24 +22p = 2, (n+ 1) zzfﬁf(zaJerb)ifzyn
2 2
_ . z129 n _ 1 _ _ 21 —
Za = Zo = 2z1+22 ~ “Ynitl Zp = 2 (Ze ZO) T 221429 2T
_ 1 __ _Z1  __ Zb _ Zetzo __ 22 __ n+1
Zx = 3 (ze + 20) = +1 - n Ry = 22620(%7%)2 n — Rap2
n = Re—%o — zZ1 — Zb
Ze+ 2o zZ1+22 Za+2p
Source: (a):(c) [173}7 (a,c):(b):(d) [475}
T 7 23 Zq Zq
Z(” zﬂ
21 21 Zp
Z.\'
T = = z,tz,
(a) (b) (c) (d)
2
— J— J— — Z1Z _ _ n
Ze =21 =24+ 22p = 2, (n+ 1) Zo = g2 =24 = 2y
_ _ _ _ 2zezo __ Za
21 =2¢ = 2o +22p = 2 (n+ 1) 29 ﬁf(zaJerb)ifzyn
2 2
_ __ _z1z2  __ n _ 1 _ _ 2y _
Za = Zo = 2z1+22 2y n+1 Zp = 2 (Ze ZO) T 221429 2T
_ 1 z1 Zb _ Zetzo __ 22 __ n+1
Zx = 2 (25 + ZO) n+1 n 2y = 22‘320 (25*20)2 —n Za n2
n = Ze—Zo — z1 — Zb
Zet+2o z1+22 Zat+2b

Source: (a)=(b) [1-3], (a,b)=(c) [3], (a-c)=(d) [4,5]




Z(l Z(l
Zoy Z,
21 21
Zp
(a) (b) (c) (d)
Ze =21 = Zq + 22p = 22, Zo = 2;1_7_12 =z, = 27,
ZeZo __ Za _ Zx
21 = Ze = 2q + 22, = 22, Zp =278 = 2u (5,4 25) = 4Zm_;’y
2120 1 =
Za = 20 = 522 =22y zb:§(ze—zo):2Z1+z2:zz—zy
-1, _ 1, _1 1, _ 1 _zz 1
Zx 226* 221* g(za+2’zb) By = 2207 2221429 QZa

Source: (a)=(d) [1,2], (a,d)=(b)=(c) [4,5]

Ze2 202

Zes Zo
Zl Al
:
where 2.2 = 2,52,
(@ (b) (©) @
Ze =21+ 220 = za(1 + n) = 2z, 222

— — _ Zex—Z2
2o =21 =2,(1 —n) = 2z, Zutez

p— p— p— Zp—2Z
21 =20 =24(1l —n) = 2z, Foter

_ 1 _ _ Zea+ 202 =22,
22 = 5 (e — 2o) = 2N = gy 2L 225

_ 1 _
Zq = §(Ze+zo) =21+ 29 =2y

_ Zetzo z1 z1) (2a—202)(2e2—22)
b = 22820 (25720)2 =2 (1 + z2> (2 + z2) - 4Zm (z52+z027221)2
n = Ze=Fo — _ 22 _ Zeatzoz—22g

Zet 2o zZ1+2z2 Ze2 —Z02

2o =3 (2e + 20) =

Ze2 = % (Ze+zo)%
Zop = 5 (2e + 20) 22

21+ 290 = 24

— 214220 __ 14+n
= (21 +22) B2 = za 15y
— 2 1—n
- (Zl + 22) z1+2z2 “a1¥n

Source: (a)=(b) [1-3], (a,b)=(d) [6], (a,b,d)=(c) [4,5]




y a
Yatyp

(a) (b) (©) (d)

where n* = where y.2 = Y2y,

Ye =

Y1 = Ya (1_7’1) :2yxM

Yo2—Ye2
Yo =1+ 2y2 = ya (1 + 1) = 2y, yo=je
Y1 =Ye = Ya (1 —n) = 2y, =02
Y2 = 5 (Yo = Ye) = yan = y, et
Ya=3Wo+ye) =1 +¥2=Ua
w =gt = w (14 1) (24 ) = dn i)
n= e = wte = L
Yo = 5 (Ye +Yo) = Y1 + Y2 = ya
Ye2 = 5 (Ye + o) 2= = (y1 + y2) yrihy; = Yairm
Yor = 5 (Ye + Yo) L2 = (y1 + 1) 1122 — g, H0

Ye

Source: (a)=(b) [1-3], (a,b)=(d) [7], (a,b,d):(c) [4,5]
¥ Va l:n
y(”yﬂ . O
" N b Yol | o B
where 2n = 1+%
Ye = Y2 = Yan ' Yo =2y1 + Y2 = ypn '
N=2Wo—ve) =5 —va)n™t Y2 =ye=yan
Yo = 39 (L+p) =1 + 42
w=du () =+w) (142%)  n=40+p)=1+4
Source: [4, 5]




15 Tq
“ z, al 2
where = 2 EA Zq Zq
Z, Z,
z
2 ! Zp
— — _R1Z2 — __ rire  __
Ze = 21 = Zq + 22 Zo = 5552 = %a Te= 742 =T
ZeZ Za
21 = Ze = Zqg + 22p Zp =27 =2 (za + 22p)
z . - _Z — Za_
T1:%TC:<1+27Z>7(1 7/.2*76207"67(14»2;))7'0
_ _ _z122 1 _ — Z1_Z123 = = Tir2
== mts = a(Fe %) = Das Te= e = S
Source: [4, 5]
Zy Za l:n
Zb v d
z .
¥ . Za 1:n z, 2z | vz,
y 6 =1+
_ Zq n Zp
Ttz " " = =
Ze = ZpN Zy = ZaN Zx = 2pN Zy = ZqN
2
— Zx 2z 2 Z;
=ty a=(ata)D =2 4=
— _*y _ Zy
n Zot2y n = 1 + Z
Source: [1-3] Source: [1-3]
I |
Zy|e Zx
-9 =1
21 =22 | 2z = 321
_ 1 —
21 = 5%z ‘ Z2e =221 Source: [§]
Source: [§]




Z, Z,

e “o

o

Zbﬂ Z2
2,>Z)

Ze = 29 + /22 (22 — 21)
n
Ze =2z (n+1) Zo = Zyniy
- Zo = 29 — /22 (22 — 21)
2 = 5 (Ze + 20) - T
_ eZo _
zZ1 = m 22—5(264-20)
2y = o2, 2ot 2o n = Ze—Ze -
4 €70 (ze—20)* Zetzo Source: [1-3]
Source: [1-3]
21
Zy Z,
7, 7y r &)
2
z122 _ 21
fe = z1+22 Ta = 4ry (21+Z2>
22 2
z
%o = 221ﬁ622 rp = 41 (Zhgzz)
1 . Ta 2
Zl*E(ZGJFZO) 71*7(P+1)
1 2
= bpetn)  m=D(p+1)
Source: [4,5]

3 Three-Port Identities
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4 Four-Port Identities
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5 Example Use Cases

The useful application of the identities listed in this document are made more
clear by a few schematic examples.

5.1 Kuroda’s Identity

One of the most common uses of a transmission-line identity is to eliminate
series-connected stubs for microstrip or stripline circuits, where they are diffi-
cult to realize in practice. In the example of Figure 1, the famous Kuroda’s
Identity is used to replace a short-circuited, series stub with an open-circuited
parallel stub [1-3,5]. This particular case arises as a result of Richard’s Transfor-
mation applied to a low-pass, lumped-element prototype. Multiple applications
of Kuroda’s identity are usually required here; only the last of several such
applications needed in this circuit are shown for brevity.

5.2 Inverter Polarity

In another example, shown in Figure 2, two different identities for II-type line-
and-stub subnetworks are used to realized couplings with opposite sign in a



Figure 1: Example application of Kuroda’s identity to eliminate series-connected
stubs.
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Figure 2: Two different identities are applied to Il-type line-and-stub subnet-
works to achieve couplings with opposite signs [7].



Figure 3: A three-port identity is used to eliminate series-connected stubs be-
tween two branch-points in a reflectionless filter.

cross-coupled resonator filter, as well as to reduce crowding of multiple parallel
stubs [7]. Several instances of the first identity are applied in this example.

5.3 Reflectionless Filter

Finally, the reflectionless filter in Figure 3 is another example where series stubs
had to be removed in order to arrive at a realizable circuit. The position of
those stubs in this case, trapped between two branch points, required the use of
a three-port identity [9]. The temporary insertion of back-to-back transformers
before both are eliminated is implicit in the application of this identity.
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